Abstract. Let M be an o-minimal expansion of the real exponential field which possesses smooth cell decomposition. We prove that for every definable open set, the definable indefinitely continuously differentiable functions are a dense subset of the definable continuous function with respect to the o-minimal Whitney topology.
Introduction
In [3] and [6] it was shown that semialgebraic continuous functions can be approximated by Nash functions with respect to the semialgebraic Whitney topology. Similar approximations were studied for o-minimal structures.
We assume the reader to be familiar with the basic concepts of o-minimal structures, as they are presented in [1] or [2] . In the sequel, "definable" always means "definable with parameters in M" for a given o-minimal structure M. Let R n be endowed with the Euclidean topology. For a definable open set U and p ∈ N ∪ {∞}, we denote by C p (U, R k ) the definable p times continuously differentiable functions from U to R k , and by C(U, R) the definable continuous functions from U to R. In all o-minimal expansions of the reals, C p (U, R) ⊂ C(U, R) is dense with respect to the o-minimal Whitney topology if p < ∞, cf. [4] .
Here we consider o-minimal expansions M of the real exponential field. In [5] Chapter 8 it was shown that for every definable open U ⊂ R n , C ∞ (U, R) ⊂ C(U, R) is dense with respect to the o-minimal Whitney topology if (a) M is locally polynomially bounded, and (b) M possesses C ∞ cell decomposition. We show by proving the following theorem, that assumption (a) can be omitted.
Preliminaries
The functions used to describe a C ∞ cell Z, we call the defining functions of Z.
where π is the projection onto the first n coordinates.
From now on we assume that M possesses C ∞ cell decomposition, that is, for any finite collection of definable sets
So far, all known o-minimal structures have this property. For a set Z, cl(Z) denotes its topological closure, and ∂Z := cl(Z) \ Z its frontier.
is a C ∞ function which is positive on Z and extends to a definable continuous
We apply a generalized Lojasiewicz inequality, cf.
[2] Corollary C14, to ρ, f and cl(Z), and obtain a definable continuous strictly monotone function φ : R → R with
∞ function and satisfies inequality (1), as δ < 1.
3. Proof of Theorem 1.1
Proof of Theorem 1.1. By applying the function τ : 
.., Z r be the cells of dimension less than n. We order these cells, such that dim
We prove the following statement, which implies the conclusion of Theorem 1.1, by induction on r.
For allε ∈ C(U, (0, ∞)) and F ∈ C(U, R) which satisfy the conditions (a) F |
The case r = 0 is evident. We assume that the statement holds for r ≥ 0.
Let Z := Z r+1 . After some permutation of the coordinates, Z is the graph of a
There also exists an open definable neighborhood U of Z and a function e ∈ C ∞ (U , R) with e| Z = f | Z . In addition, U may be chosen that small that U ∩ Z i = ∅, i = 1, ..., r, and U ⊂ X × R n−d . We take a definable open neighborhood V of Z which is contained in U such that |e(u) − f (u)| <ε(u)/2, u ∈ V . Let ∆ : X → R be the definable continuous function given by
The W s contain Z, and they are C ∞ cells with defining
We let σ : R → R be the C ∞ function given by σ(t) = exp(1/t) if t > 0, and
Finally, we define the function G : U → R by
By construction, G ∈ C(U, R), G coincides with F outside W 1 , and G satisfies
In addition, the set of points at which G is not C ∞ smooth is contained in ∪ r i=1 Z i , and G| Z i is a C ∞ function, i = 1, ..., r, and G restricted to U \∪ n i=1 Z i is C ∞ smooth. We apply the induction hypothesis toε/2 and G in place ofε and F so that we obtain a g ∈ C ∞ (U, R) which satisfies
Remark 3.1. A careful study of the previous proof shows that the approximating function g differs from f only in a definable open neighborhood of the closure of the set of points at which f is not C ∞ smooth. This neighborhood can be assumed to be arbitrarily small. Proof. Since A is locally closed, there are definable sets B, V , where the former is closed and the latter is open, such that A = B ∩ V . Take an F ∈ C(V, R) with
Hence, g has the desired properties.
The next consequence is C ∞ separation sets. 
